We describe the properties of complex nuclei, such as the Sn isotopes with mass numbers A = 100 -132, in terms of the free nucleon-nucleon interaction as obtained from meson-exchange theory. This amounts to first calculating an effective interaction in which the free interaction is modified by the presence of the appropriate nuclear medium. The short-range correlations are included within the framework of Brueckner theory yielding the nuclear reaction matrix and the longrange correlations by using the reaction matrix in many-body perturbation theory to obtain an effective interaction. The resulting effective interaction is then employed in calculating the nuclear properties. Particular emphasis is placed on the ability of our calculation to describe systematic trends of the properties of these nuclei. Both successful achievements and problematic features are pointed out.
Introduction
One of the fundamental, yet unsolved problems of nuclear theory is to describe the properties of complex nuclei in terms of their constituent particles and the interaction among them. There are two major obstacles to the solution of this problem. Firstly, we are dealing with a quantal many-body problem which cannot be solved exactly. Secondly, the basic nucleon-nucleon (NN) interaction is not well known. Thus, it may be difficult to know whether an eventual failure to solve this problem should be ascribed to the many-body methods or the interaction model used. On the other hand, these two uncertainties are intimately connected. In any model chosen to approximate the original many-body problem one has to apply an interaction which is consistent with the particular degrees of freedom considered. This amounts to correcting the original interaction for the degrees of freedom not explicitly included in the many-body treatment, thus yielding a so-called effective interaction.
In principle, one should start from an NN interaction derived from the interaction between quarks. Although attempted, this program has not been quantitatively successful. Thus, one has to be content with using an NN interaction derived from meson-exchange models which reproduce the relevant two-nucleon data. Such interactions are generally termed realistic interactions. Examples are the Paris, Bonn and Nijmegen potentials.
Once the basic NN interaction has been established, it should be employed in a quantal many-body approximation to the nuclear structure problem of interest. One such approximation is the spherical shell model, which has provided a successful microscopic approach for nuclei near closed shell. Away from closed shells the number of valence particles and single-particle orbits quickly becomes too large for the shell model to handle. On the other hand, there has been enormous progress in computer technology over the past years and this trend is likely to continue. It is therefore a challenge to use modern hardware computer technology coupled to effecient numerical methods developed in other fields of science and technology to handle complex nuclear structure problems.
This would indeed allow us to test the theory of realistic effective interactions in nuclei with many valence nucleons. Hitherto, realistic nuclear forces have mainly been applied to nuclei with two or a few valence particles beyond closed shells, such as the oxygen and calcium isotopes. Thus, by going to the tin isotopes, in which the major neutron shell between neutron numbers 50 and 82 is being filled beyond the 100 Sn closed shell core, we have the opportunity of testing the potential of large-scale shell model calculations as well as the realiability of realistic effective interactions in systems with many valence particles. It should be noted that in many current shell model calculations the effective interaction is frequently either parametrized or adjusted in order to optimize the fit to the data. As a matter of principle we shall refrain from making any such adjustments and stick to the interaction obtained by a rigorous calculation consistent with the many-body scheme chosen. Only then one will be able to assess the quality and reliability of the interaction obtained and the possible needs for improvement. One limitation of the present work is that we only consider effective two-body forces. In systems with many valence particles one should in principle also include effective three-and many-body forces. This will however have to be deferred to future work.
In addition to being an exploratory calculation testing the shell model and realistic effective interactions over a wide range of Sn isotopes, the present work is also a calculation in its own right. Both the low-mass, very neutron-deficient and the heavy-mass, neutron rich Sn isotopes are very unstable and have only recently been identified and become accessible to spectroscopic studies. Thus, they represent a challenge to theoretical work as well.
The paper is organized as follows. In Sect. 2 we give a brief summary of the calculation of the effective interaction. Then, in Sect. 3 we discuss our shell model algorithm. The results are presented in Sect. 4 and concluding remarks in Sect. 5.
Calculation og the shellmodel effective interaction
The aim of microscopic nuclear structure calculations is to derive various properties of finite nuclei from the underlying Hamiltonian describing the interaction between nucleons. When dealing with nuclei, such as the tin isotopes with A ∼ 100, the full dimensionality of the many-body Schrödinger equation for an A-nucleon system
becomes intractable and one has to seek viable approximations to Eq.(1). In Eq.(1), E i and Ψ i are the eigenvalues and eigenfunctions for a state i in the Hilbert space. In nuclear structure calculations, one is normally only interested in solving Eq.(1) for certain low-lying states. It is then customary to divide the Hilbert space into a model space defined by the operator P and an excluded space defined by the operator Q
with d being the size of the model space and such that P Q = 0. The assumption then is that the components of these low-lying states can be fairly well reproduced by configurations consisting of a few particles/holes occupying physically selected orbits. These selected orbitals define the model space. Eq.(1) can then be rewritten as a secular equation
where H eff now is an effective Hamiltonian acting solely within the chosen model space. The term H 0 is the unperturbed Hamiltonian while the effective interaction is given by
with V
eff , V
eff ,... being effective one-body, two-body, three-body interactions etc. It is also customary in nuclear shell model calculations to add the one-body effective interaction V (1) eff to the unperturbed part of the Hamiltonian so that
where
eff . This allows us, as in the shell model, to replace the eigenvalues of H 0 by the empirical single-particle energies for the nucleon orbitals of our model space, or valence space, e.g.., 2s 1/2 , 1d 5/2 , 1d 3/2 , 0g 7/2 and 0h 11/2 for Sn isotopes under consideration, Thus, the remaining quantity to calculate is the two-or more-body effective interaction
eff . In this work we will restrict our attention to the derivation of an effective two-body interaction
using the many-body methods discussed in Ref. 1 and reviewed below. The study of effective three-body forces will be deferred to a later work 2 . Our scheme to obtain an effective two-body interaction for the tin isotopes starts with a free nucleon-nucleon interaction V which is appropriate for nuclear physics at low and intermediate energies. At present, there are several potentials available. The most recent versions of Machleidt and co-workers 3 , the Nimjegen group 5 and the Argonne group 6 have a χ 2 per datum close to 1. In this work we will thus choose to work with the charge-dependent version of the Bonn potential models, see Ref.
3 . The potential model of Ref.
3 is an extension of the one-boson-exchange models of the Bonn group 4 , where mesons like π, ρ, η, δ, ω and the fictitious σ meson are included. In the charge-dependent version of Ref.
3 , the first five mesons have the same set of parameters for all partial waves, whereas the parameters of the σ meson are allowed to vary. The next step in our perturbative many-body scheme is to handle the fact that the repulsive core of the nucleon-nucleon potential V is unsuitable for perturbative approaches. This problem is overcome by introducing the reaction matrix G given by the solution of the Bethe-Goldstone equation
where ω is the unperturbed energy of the interacting nucleons, and H 0 is the unperturbed Hamiltonian. The operator Q, commonly referred to as the Pauli operator, is a projection operator which prevents the interacting nucleons from scattering into states occupied by other nucleons. In diagrammatic language the G-matrix is the sum over all ladder type of diagrams. This sum is meant to renormalize the repulsive short-range part of the interaction. The physical interpretation is that the particles must interact with each other an infinite number of times in order to produce a finite interaction.
Since the perturbative interaction is V − U rather than V , U beeing an auxiliary one-body potential incorporated in H 0 along with the kinetic energy T , it is convenient to include insertions of U to arbitrary order in the intermediate states of G. This can be done by redefining G as
It is further convenient to calculate G using the double-partioning scheme discussed in e.g., Ref. 1 . A harmonic-oscillator basis was chosen for the singleparticle wave functions, with an oscillator energyhΩ given byhΩ = 45A −1/3 − 25A −2/3 = 7.87 MeV, A being the mass number. Finally, we briefly sketch how to calculate an effective two-body interaction for the chosen model space in terms of the G-matrix. Since the G-matrix represents just the summation to all orders of particle-particle ladder diagrams, there are obviously other terms which need to be included in an effective interaction. Long-range effects represented by core-polarization terms are also needed. The first step then is to define the so-calledQ-box given by
TheQ-box is made up of non-folded diagrams which are irreducible and valence linked. A diagram is said to be irreducible if between each pair of vertices there is at least one hole state or a particle state outside the model space. In a valence-linked diagram the interactions are linked (via fermion lines) to at least one valence line. Note that a valence-linked diagram can be either connected (consisting of a single piece) or disconnected. In the final expansion including folded diagrams as well, the disconnected diagrams are found to cancel out 7 . This corresponds to the cancellation of unlinked diagrams of the Goldstone expansion 7 . We illustrate these definitions by the diagram shown in Fig. 1 We can then obtain an effective interaction
eff in terms of theQ-box, using the folded-diagam expansion
where (n) and (n − 1) refer to the effective interaction after n and n − 1 iterations. The zeroth iteration is represented by just theQ-box. Observe also that the effective interaction V
eff (n) is evaluated at a given model space energy ω, as is the case for the G-matrix as well. Here we choose ω = −20 MeV. Less than 10 iterations were needed in order to obtain a numerically stable result. Note that all non-folded diagrams through third-order in the interaction G are included in theQ-box. For further details, see Ref.
1 . Another iterative scheme which has been much favored in the literature is one proposed by Lee and Suzuki 8 . However, contrary to the folded-diagram expansion of Eq.(9), which gives those states having the largest overlap with the model space states, the Lee-Suzuki method converges to the lowest eigenstates regardless of their overlaps with the model space. Thus, Eq.(9) seems more appropriate 9 for shell model calculations than the Lee-Suzuki scheme.
The shell model scheme
The effective two-particle interaction can in turn be used in shell model calculations. Both binding energies and excitation spectra are severe tests of the method. Furthermore, it is of importance to analyze nuclear systems with large number of degrees of freeedom. Thus in the present work we have chosen the Sn region with Z = 50 and 50 < N < 82 and limit ourselves to effective twoparticle matrix elements with T = 1. Two types of calculation are performed:
(I). Effective two-particle matrix elements are calculated based on a Z = 50, N = 50 symmetric core and with the active P -space based on the single-particle orbits 2s 1/2 , 1d 5/2 , 1d 3/2 , 0g 7/2 and 0h 11/2 . The corresponding single-particle energies are not known experimentally. At present we choose ε(d 10 . However, the singleparticle energies of s 1/2 and d 3/2 have been adjusted in order to reproduce the lowest 1/2 + and 3/2 + states in 111 Sn, see the discussion in Ref.
11 . The shell model calculation then amounts to studying valence neutrons outside this core.
(II). Effective two-hole matrix elements are calculated based on a Z = 50, N = 82 asymmetric core and with the active P -space for holes based on the 2s 1/2 , 1d 5/2 , 1d 3/2 , 0g 7/2 and 0h 11/2 hole orbits. The corresponding single-hole energies ε(d 12 and the shell model calculation amounts to studying valence neutron holes outside this core.
The shell model problem requires the solution of a real symmetric n × n matrix eigenvalue equation
where for the present cases the dimension of the P -space reaches n ≈ 2 × 10 7 . At present our basic approach in finding solutions to Eq. (10) is the Lanczos algorithm; an iterative method which gives the solution of the lowest eigenstates. This method was already applied to nuclear physics problems by Whitehead et al. in 1977. The technique is described in detail in Ref.
13 , see also Ref.
14 .
Results and dicussions
The results of the shell model calculation are presented in Tables 1-4 . Our main intention is to gain insight about the effective interaction in nuclear systems and see to what extent our calculated two-particle matrix elements can reproduce the general features of the experimental data in the Sn region. All experimental information in the present analysis is taken from the data base of the National Nuclear Data Center at Brookhaven 15 .
The Sn isotopes relevant for the calculation covers the range from 102 Sn to 130 Sn. Isotopes below 116 Sn (light Sn) are treated based on the symmetric Z = N = 50 core whereas the isotopes above 116 Sn (heavy Sn) are treated based on the asymmetric Z = 50, N = 82 core. This simplifies the shell model calculation, but in addition it is of interest to see how successful a hole-hole effective interaction calculated with respect to 132 Sn is.
The results in Table 1 show excitation spectra for the light Sn isotopes. Only some selected states are displayed. First of all, the well-known near constant 0 + − 2 + spacing is well reproduced. However the spacing is 0.1 − 0.2 MeV too large which indicates that our effective interaction produces a little too much pairing correlation compared to the experimental data. We believe this is related to the interaction between the two dominant low-lying d 5/2 and g 7/2 orbits and the intruder orbit h 11/2 . This orbit is essential for the constant 0 + − 2 + spacing throughout the Sn isotopes due to its large degeneracy. Such intruder orbits are difficult to handle by our effective interaction methods and the results indicate that further investigation is necessary on this point. A more complete analysis of the excitation spectra all the way up to 116 Sn is under preparation. Preliminary analysis shows similar good agreements as in Table 1 .
The resulting excitation spectra for the heavy Sn isotopes are shown in Table 2 . Again the near constant 0 + − 2 + spacing is well reproduced all the way down to 116 Sn, even better than for the light Sn isotopes. Also the addi- tional calculated states are in very good agreement with experiment. However more detailed analysis of the results close to 116 Sn indicates that our effective two-particle interaction has difficulties in reproducing the shell closure which is believed to occur in this region. The increase of the the 0 + − 2 + splitting is not as sharp as found experimentally, even if the phenomenon is rather weak in the case of Sn. We have observed a similar feature around 48 Ca which is generally agreed to be a good closed shell nucleus. Here the deviation between theory and experiment is severe. Preliminary analysis indicates that our effective interaction may be slightly too actractive when the two particles occupy different single-particle orbits. This may be related to the radial wave functions which in our calculation are chosen to be harmonic oscillator functions.
The next set of data we have analysed is the relative binding energies. 
In case of the heavy Sn isotopes the necessary data are known and the values in Table 4 are calculated by the formula 16 . The arguments are that such matrix elements must be modified in order to reproduce the binding energies correctly. The so-called centroid matrix elements should be modified in order to reproduce experiment. However, no well recipe for doing this is available.
In our case we have investigated the heavy Sn isotopes and defined a global centroid by
where dim = 160, the total number of matrix elements in the present calculation. In the calculation of 130 S our theoretical binding energy gave −2.24 MeV whereas experiment gives −2.09 MeV. Thus we made a global monopol correction W · (n(n − 1))/2 to all matrix elements and adjust W to reproduce the correct binding energy of −2.09 MeV. This gave W = +0.15 MeV. The modified binding energies are displayed in Table 4 , now in very good agreement with experiment. Such a modification of the matrix elements has no effect on the excitation spectra and preserves the good agreement in this part of the calculation. A similar modification is not possible in the light Sn isotopes since essential data for 100−102 Sn is not available.
Conclusion
We have presented the basic elements for a calculation of a realistic microscopic effective interation. The interaction is derived from a modern meson-exchange NN potential using many-body perturbation theory. This is applied to the Sn isotopes ranging from A = 102 to A = 132 where both excitation spectra and relative binding energies are calculated. Excitation spectra are in good agreement with experiment without any adjustment of parameters related to either single-particle energies or matrix elements. Relative binding energies are calculated and show clear deviations from experiments. This indicates problems related to the methods used in calculating effective interactions from meson theory. The BONN CD potentialpotential 3 which is used in the present calculation produces more binding than previous versions and may be part of the reason for overbinding in the calculation. Another possible explanation is related to the radial wave functions which are taken to be harmonic oscillators. This question will be investigated further.
We have shown that a global monopole term added to all matrix elements can cure the difficulties with the binding energies, at least in the heavy Sn isotopes. Only a change of binding energy for two holes from the calculated −2.24 Mev to −2.09 is needed for good agreement with experiment. Thus, in spite of the drastic difference shown in Table 4 we believe that only minor improvements are necessary to give good effective interactions to be used in shell model calculations.
